@

(b)

(©

(d)

(€)

(f)

(@)

(h)

(i)

)

(k)

Inequality

(m®+1) = (m* +m) = (m-1)> (m + 1) > 0, unless m = 1, where equality holds.
m®+1>m?+m.

O0C+y°) = (X + xy*) = (¢ + Y2 (x + y)(X - y)* > 0, unless x =y, where equality holds.
X+ y° > Xty + xy

(b+c—-a)°+(c+a-b)’+(a+b-c)’—(bc+ca+ab)

= 3(a® + b? + c?) — 3(ab + bc + ca)

= g[(a—b)2 +(b-c)?+(c—a)?]>0, unless a=b = c, where equality holds.
(b+c-a)i+(c+a—b)*+(a+b-c)® > bc+ca+ab.

a+b>2vab, b+c>2vbe, c+a>2+vca, equalities hold iff a=b=c.

Multiply these three inequalities, we get:

(a+ b)(b +c)(c + a) > 8abc.

a’b + b?c + c%a + ab® + bc? + ca? — Gabc

=a(b—c)’+b(c-a)*+c(a—b)*>0, unless a=b =c, where equality holds.
a’b + b’c + c% + ab” + bc? + ca? > Babc.

a+b+b+c+c+a_ _ab(a+b)+bc(b+c)+ac(b +a)—6abc

6
c a b abc
_ 2 _ 2 _ 2
:a(b ©) +b(cba) +c(a-b) >0, unless a=b =c, where equality holds.
abc
a+b b+c c+a
+ + >6.
c a b
2
(§+XJ(E+E]_4: ay+bx ay+bx ,_(ay+bx)’—4(ay)(bx)
a blAx vy ab Xy abxy
(ay — bx)? B .
=———"->0, unless ay = bx, where equality holds.
abxy
(5+XJ E+E > 4, equality holds @5:1.
a bAx vy a b

_ (a+b+c)(bc+ca+ab)-9abc
abc

(a+b+c)(£+1+1j—9
a b c
_ a(b—c)®> +b(c—a)®+c(a—b)?

abc

(a+b+c)(1+l+lj>9.
a b c

>0, unless a=b=c, where equality holds.

In (h), replace a by I/a, b by b/m, ¢ by c/n, result follows.

Equality holds <~ =" ="
a b ¢
X"y = (Y 3y = (¢ -y C - YY) = (¢ + YA)(x + Y)(x - )¢ + xy +y?) > 0
' X" +y >3+ 3y Equality holds < x =1.
X' +1-0C+x)=(-1)(x-1)= (x=120C+x*+ X +x*+x+1)>0
x'+1>x°+x, Equality holds < x =1.



(I x5+x'5—(x2+x) x> (x -x°) = x(x -~ -xP (x 1= —1)(x*-x?)
=x0C-1)(X' -1) =x (x D0+ x+ )X+ + x* +x3 +x +x+1)>0
X +x° >+ x7, Equality holds < x = 1.

(m)  a’+b*+c*-3abc=(a+b+c)@®+b*+c?—ab-bc-ca)

= %(a +b+c)[(a-b)? +(b—c)?+(c—a)?]>0, unless a=b = c, where equality holds.

o a’ + b’ + c® > 3abc.

Also, (a®+b%+c%)°®> 2733

Replace a® by a, b® by b, c® by c,
(a+b+c)*> 27abc.

(n) Put 2A=x+ty-2z, 2B=y+z-X, 2C=z+x-y
The inequality is changed to:
(A+B)(B+C)C+A)>8ABC (*)
Q) If A, B, C areall positive, (*) is proved in part (d).
2 If one of A, B, C is negative,
The R.H.S. of (*) is negative while the L.H.S. is positive. .. (*) is always true.
3) If two or more of the A, B, C are negative, without lost of generality,
let A, B<O.
. X+y-z<0 and y+z-x<0.
Addmg the inequalities, we have y < 0. Contradict to the given that y > 0.

Since n isapositive integer, n+1<n+2<...<n+n=2n (Equality holds whenn =1)

1 1 1 1 1 1 1 1
Sttt —>—F—+ A+ —=NX—=—
n+l n+2 2n  2n 2n 2n 2n 2

11 1 1
n+i n+i+1 (n+(n+i+D) (n+i)?

o)

1
n+i+1

P 1 p |: l 1 :| P 1 p
> - = _—

Z (n+1i)? ; n+i n+i+1 ; n+i ;

1 P11 1 i

5 l_ S

+1 S n+i n+p+1 T n+i+l

1 = 1 1 &1 1 1

Iy }_ T L .
n+l T n+i+l n+p+1 ST n+i+l1] n+l n+p+1

1 1 1 1
n+i-1 n+i (n+i-Dn+i) (n+i)’
. 1 < 1 1 1 1
I ]
= (n+i)*> S Ln+i-1 n+i
Combining (1) and (2), result follows.

1=(i+1)-i= Vi+1-ViJWi+1++i)

itl it t
N A I I N W

%Wl

n n+p

i=1

Jn +1—~/I<%Z % result follows.
i-1 |



By Mathematical Induction.

. 1 1 1
Let P(s) be the proposition: —— <—C}, <——
© Prop s 4" s+l
1 1 1 1 1 1
For P(2), —— =——=~0.354, —C3, =—C%~0.375, =—=~0.447
@ 2Js 242 EVER 2s+1 5
P(2) is true.
Assume P(Kk) is true for some k € N, that is i<iCk <# 1)
’ Co2dk 4T V2K
For P(k+1), From (1), multiply throughout by 2k+1 :(2k+2)(2k+1)
2(k+1) 4(k+1)°
1 2k+1 1 (k+2)(2k+D) o, 1 2k+1
o2Vk 2(k+1) 4% 4k+1)? X W2k+12(k+1)
1 2k+1 1 ., ~2k+1
< K 2k+2 . (2)
4Kk (k+1) 4+ 2(k+1)
Bt 1 2k+l] _ (2k+D)’  4KC+4k+l 1 1
4K (K+1) [4k(k+D)][4(k+1)]  4k*+4k 4(k+1) 4(k+1)
ang | V2K ©o2k+l 1 (2k+3)(2k+1) 1 4K +8k+3 1
2(k +1) 4k® +8k+4 2k+3 4k*+8k+4  2k+34k*+8k+4 2k+3
1 1 1
From (2), we get: ——<—Ci, <
(&) we s 2l e o
P(k + 1) is also true.
By the Principle of Mathematical Induction, P(s) istrue s € N.
Method 1
2
(cotg—lj >0 :>cot29—2cot9+120:2c0t292200t9+(cot29—1) (1)
2 2 2 2 2 2

As 0<6<m, divide (1) by Zcotgzo,

cotzg—l
cot— >1y—2 14 coto
2cot—
2
Method 2
Let f(0)=cot’ 0. Zcot9+l, f'(0)= —10302(9j+ csc’ 0
2 2 2 2

1 1
f'(Ej:——CSC2£+CSC2£:——(\/§)2+l=0
2 2 4 2 2
1 1 1
f*(0)= ——(2 cscgj(— cscgcotg}(—j +2cscO(—cscOcotf) = —csc’ Qcotg —2cotOcoto
2 2 2 2N2 2 2 2
f"(ﬁ):lcsczEcotE—ZCotzcotE:£x2x1—2><1><0:1>0
2) 2 4 4 2 2 2
f(0) is the minimum when o=".

2
i 0
f(0) > f 5 =0, cot521+cote, Vo € (0, )



10.

11.

12.

(bc-ad)’>0 = b’c? + a’d® > 2abcd = b’c? + 2abcd + a’d? > 4abcd
(bc + ad)®>> [2V(abcd)]

As a, b, c,d> 0, taking the positive square root, we have: bc +ad > 2+(abcd).

ab + bc + cd + da > ab + 2\(abcd) + cd

(a+c)(b+d)>(Vab +~/cd |

Take the positive square root again, +/(a+c)(b+d)>+ab++/cd

3 3 3
a’+b -(‘”bj _3@a+b)a—by 20

2 2 ) 8
() Let d be the common difference of the arithmetic progression.
For 0<k<n, ak+1 ank = (ag + kd)[a+ (n—k—-1)d]

a’ +(n-1ad+k (n—k-1) d?
a.” + (n - 1)ad

a[ai+ (n-1)d]

aian

n-1 n-1 n-1 n-1 n n
Hak+lan—k Z]i[ala'n j:Ii[akérl]__[an—k 2(alan) :(
k=0 k=0 k=0 k=0 k=

1

v

2
S

Jaa, <iaa,..a,

(b) For 0<k<n, a,+a, =2a,,,+a,, =2+a,.,a,
n-1 n-1 2

H(al—’_an)znzvakﬂan—k :(al—'_an)n Zzn HakJ
k=1

k=0 k=0
Vo, <o
Combining (a) and (b), +a,a, <iaa,..a, Sap;an
i 1+n 1
Putting ac=k, for 0<k<n, +1xn<¥1.2..n< > \/ﬁ<m<n; '

Cauchy-Bunyakovskii-Schwarz (CBS) inequality:

(@x+b?>0 = Z(aix +b) {Z(a‘ )Z}XZ . 2{2(&@ )}x {Z(bi )2} >0
o -fgerTgorhgen]

By CBS inequality : (a,b, +a,b, +...+a,b, ) <(a,’ +a,” +...+a,°) (b +b,’ +...+b ?)
Put  b=1 Vi=12..,n
(a,+a, +...+a,)* <(a,” +a, +...+a,’)(n)

Take the square root, a,+a, +...+a, <yn@,; +a,’ +..+a,’)

Method 1
By CBS inequality : (a,b, +a,b, +...+a,b, ) <(a,’ +a,” +...+a,°) (b’ +b,’ +...+b ?)
Put ai2 = Xj, bi2 = 1/Xi Vi= 1,2,...,n
2
1 1 1 1 1 1
X =X, = X, = | S (X X e X )| b
\/X_l VX2 VXn Xl XZ Xn

1 1 1
(X, + Xy + ot X ) —+—+.e+— |2 n?
X, X, X

n



Method 2

Xy + Xy 4t X, 2 NRX XX, (AM.>G.M.)
1 1 1 11 1
—+— 4. +— 2Ny ——..— (AM.>G.M))
Xl XZ Xn X1X2 Xn

. . . 1 1 1
Multiply the two inequalities, (X, +X, +""+X")(_+_+""+_j >n’

Xl XZ Xn
Method 3
. . zai Zbi Zaibi
(Tchebychef’s inequality) If a;>a,>...>a, and by>by,>... >b,, then > .
n n n
Without lost of generality, let x;>X,>...2X, and yi>y,>...2Yy,,
and put ai=x, bi=1/x; for aII i=12,...,nin Tchebychef inequality,
1 1
- X, —
inzxi>z IXI 2221 N ZX»ZL>HZ
n n n T~
Method 1
Yn>"h+l o (n+D)"<n"" o (n—ﬂj <n & (l+l] <n
n n
Let P(n) be the proposition : (l+lj <n.
n
3
For P(3), (1+£j :ﬁ<3 - P(3) istrue.
3 27
l k
Assume P(K) istrue for some k € N. i.e. (HE) <k .. (1)
k+1 k k
For P(k + 1), (1+Lj :(1+i) (l+i)<(l+lj [1+L)<k[l+i),by (1)
k+1 k+1 k+1 k k+1 k+1
= k+L< k+1.
k+1

P(k + 1) is also true.
By the Principle of Mathematical Induction, P(n) istrue ¥n e N.

Method 2
1 d ¥ 1 11 ! L
Let f(x)=x*, —x* ==x* x4 (InX)X* —==x* (1 Inx)
dx X dx dx x
1

If x> e, then ix;<0.

dx
1
X* is decreasing when X isincreasing and x > 3.
Puttlng x=3,4,....,n,n+1 inf(x), since 3<4<...<n<n+1,wehave:
\/§>\/Z>\/§>....>n n>"In+l>...
Method 1

1 n-1
"In>¥n+l o n">mn+)""' < n>(1+—j
n

Use Mathematical Induction to prove the last assertion similar to 13 (Method 1).
Method 2

1
Consider g(x)=(x+1)* , use the same method as in 13 (Method 2) to show that g(x) is decreasing.



15.

16.

17.

18.

19.

20.

For the sequence of positive numbers 1, a, a, ...,am apply AM.>G.M.

1

_ (n-1))

l1+a+a’+..+a"* - § =2
>V1laa’..a"* = l+a+a’+..+a" >nla 2

n
Multiply by a-1>0,

n-1 n+l n-1
(a-D(l+a+a’+..+a" )>na? (a-1) = a"—1> n(a 2 _g2 J
Let 1<r<n, reN. 2+4+6+..+2n
(M-NI-1)>0 = r(n—r+1)>n. - >4/2.4.6...(2n) , AM.>G.M.
Put r=1, 1n =n
Put r=2, 2(h=1)>n iw >1/2.4.6...(2n)
Put  r=3 3(h-2)>n n 2
: : ; : , 2:4.6-....-2n)<(n+1)"
Put r=n n.1 =n
Multiply the inequalities  (n!)* > n".

Similar to No. 1(m).

[n-@r-1%>0 = n’-2n(2r-1) + (2r-1)>>0
= n’>2n(2r-1) + (2r - 1)
= n’>[2(n-r+1)-1][2r-1]
Putting r=1,2,...,n.
n® > [2n - 1] [1]
n® > [2(n-1) - 1] [3]
n® > [2(n-3) — 1] [5]
n®>[1] [2n - 1]
Multiply all inequalities, [n°]" > [1.35...(2n - D]~
Method 1
Similar to the first part of Number 15 where a = 2.
Method 2
Let P(n) be the proposition: 2" >1+nv2"*" .
For P(2), 22 =4=1+2x15>1+2/2 . P(2) is true.
For P(3), 2 =8=1+3x§>1+3\/2_2 - P(3) is true.
Assume P(K) is true for some k € N. i.e. 2K >1+kvV2Xt (D)
For P(k + 1), 2K = 2% 2% >2(1+ k«/z“), by (1)

=24 2kW2 T > 14 2kW2K T =14 V2KV2K > 14 (14 0.4)kV 2"

— 14 (k+0.4K)V25 > 1+ (k+1)V2" , where k > 3.

P(k + 1) is also true.
By the Principle of Mathematical Induction, P(n) istrue ¥n e N.

n 2n
24t o :@zm :(nTH] >nl = (%1) >(n)? (1)
n n

But n">n! 2)

Multiply (1) and (2), n”(”T”jzn > (1.



21.

22.

23.

24.

25.

(1) Since sum of two sides of a A > third side, therefore (x+y—-2), (y+z-x), (z+x-y)20.
Apply AM.>G.M.

(X+y_z)+(y+z—x)+(Z+X—y)23\/(

X+y-z)y+z-x)z+x-y)

3

(X +y+2)*>27(x +y -2)(y +2=X)(z + X - Y)

(i) (y+z—x)+(z+x—y)2\/(

y+z-x)z+x-Y)

2
2> Jy+z-x)z+x-y) U ()
Similarly, y>J(x+y-z\y+z-x) (2)
x>J(x+y-zfz+x-y) (3)
D x@2)x @), xyz>(x+y-2z)(y+z-X)(z+x-y)

E =113!5! ....(2n-

1 = 120314150, (2n 1)t 121 (n-1)n!(n+1)...(2n —1)
)= 24 2n-0)r — (@x1p(2x2)...[2(n-1)]!

_u(n+1p 2(n+2) (n-1p¢(n-1) 0 n1ki(n+Kk)

Cxt . @x2) T Rt T a (k)

k+1

1 I
But k.(n+k).= n+ljin+2 n+kK xn!>n! |, since n>k.
k+2 k+k

(2k)

m
\4

() E

> ! En!= ni(n)"* = ()’

@ (P-gp-N+b’@-N@-p+c-p)r-a)
(zb +C —2bccosA)(p—q)(p—r);b (@-n@-p)+c (r-p)r-a)
b*[(p-a)Pp-nN+@=n@-p)]+c [(p-a)(p-r)+(r-p)r—a)]-2bc(p-qg)(p-r)cos A

=b? (p-q)*+c’ (p-r)°-2bc (p-g)(p-r) cos A
>b? (p-q)¥+c’(p-r)’—2bc(p-q)(p-r) , itistrivial that E>0if (p—q)(p—r)cos A<O.

(i) E

=[b(p-q)-c(p-nT=>0

a’yz + bgzx +cixy  =alyz+b’z(-y-z)+c’ (~y-2)y =(@°-b’-c?yz-b*?-c
—2bccos Ayz—b*z>—c?y*  <-2bcyz-b%*z?—c’? itistrivial that E <0 if 2bc cos A>0
—(bz +cy)® <0

E(a,b,c) =a(@a-b)(a-c)+b(b-c)(b-a)+c(c-a)c-h)
Since E(a, b, ¢) =E(b, a, c) =E(b, c,a) =E(c,a, b) =... , E is cyclic and symmetric.
Therefore, without lost of generality, let a<b<c.

E(a b, c)

=za(@a-b)[@-b)+(b-c)]+b(b-c)(b-a)+c(c-a)c-Db)
=a(a-b)’+[a@a-b) (b—c)-b(b-c)@-b)] +c(c-a)c-b)
=a@a-b)Y’+(@-by*(b-c)+c(c—a)c—b)=0, since c—a>0,c-b>0.

Similarly let F(a, b, c) =a’*(@a-b)(a-c) + b*(b-c)(b-a) + c’(c —a)(c - b)
Since F(a, b, c) = ng, a,c)=F(b,c,a)=F(c,a b)=... ,F iscyclic and symmetric.

F(a, b, c)

=a‘a-b) [(a-b) + (b-c)] + b*(b —c)(b - a) + c*(c — a)(c - b)
=a’(a-b)’ + [a%(a-b) (b —c) - b*(b - c)(a—b)] + c*(c — a)(c - b)
= a’(a-b)* + (a> = b*)(a—=b)(b - c) + c(c —a)(c - b)

=a’a-b)’+ (a+b)(a-b)’(b—c) +c*c—a)(c—b) =0, since c—a>0,c-b>0.

By CBS inequality, [ixf}(iyf}z(ixiyjz

i=1 i=1

PUt 3=, %o =B, X =vE, X =T 1y, y, =B, Y, =, v, =V

@+b+c+d) @ +b*+c®+d’) 2@ +b°+*+d).



26.

217.

28.

Let f(X)=x—-1In(1+x),then f'(x)=1-

1 X
—=—>0
1+x 1+X

Since x>0,fx)>f(0)=0-In(1+0)=0 = x-In(1+x)>0 = x > In(1+Xx).

Let g(x) = In(L+ x)—li,then g'(x) = -
+X

Therefore g(x) is increasing.

Since x>0, g(x)

Method 1

E

>g(0) = In(L+ o)—% =

1 (@+x)-x

1 1

Cl+x-x X

, as x>0. Therefore f(x) is increasing.

>0

1+x  (@+x)

T14x (L4 x)

0 = In(l+x)>—x .

1+x

_1-x" 1-x™ (n+2)-x")-nf-x") _[1-x")-nx"(L-x)

n n+1

n(n +1)

n(n+1)

L x)

L=x)[l+ x4 X2+ ") = nx"] _(-xf [14+2x+3x% + ..+ (N —1x"2 + nx"*

L)

>0.

1_Xn+l
n+1

<

Method 2

n(n+1)
1-x"
n

n(n+1)

Since 0<x<1 = 0<x"<land 0<x"<1 = x"=xx"t<1x"=x"".
Since x"* and X" are positive, ¥x, 0<x<1

When x =1, equality holds.

When x>1, x"

- 1 1 _
x"<x" = j x”dxs'[ x"dx =
X X
n-1
>SX o >1 =
Xn+1x an
= >—
n+1l1 n|l

X X
L x”dx>J'1 x"dx

Let a, m, n >0

., m>n.

Xn+1 1 Xn 1 1_Xn+1 1_Xn
<— <
n+1jx n|x n+1 n
Xn+l_1 Xn _l 1_Xn+1 1_Xﬂ
> = <
n+1 n n+1 n

%Iog(l+ a™ )< %Iog(l+ a" )<:> n Iog(1+ a” )< m Iog(1+ a" )<:> Iog(1+ a )n < Iog(1+ a" )m

=N (1+ am)n <(1+ a")m

@M>1 =

(1+ am)n

If a<1, then a"

1+a"
1+a™

<a"

If a=1, then M:£>1.
(1+a”‘)n 2"

1+a"

If a>1, then [
1

! n \m-n a
+am} (1+a ) >L1

=l+am<l+a" :>(1+am)n <(1+a”)m =N

, since log x is an increasing function.

}n(lﬁl”)mn >1



20, (@  f(y)= ! In(“yj

1- y 1+y 1-y
F(y) = L1 1oy @ey)-@sy)ey o1 1 2
(1—y)2 L+y) (1+y) L-yy @-yf @+yf @-yfi+y)
_@eyfrO-yf-oi-yt) 4yt o ey e
R ) S (o [

f(y) is an increasing function.
fy) > f(0) = —— — 1 —In(1+0j:0:> iyt __t
1-0 1+0 1-0 1-y) 1-y 1+y
1+clxj 1 1

(b) Puty:E where x>c>0, then 0<y<1. By(a), In <
X l-c/x) 1-c/x 1+c/x

X+C X X
Therefore 0<In < - . For a>b>c, we have
X—-CJ) X—-C X+¢C
a X+C a X xdx a Xdx
J' In dx<_[ e dx:>I In(x +c)dx — _[ In(x - c)dx<j
b X—C b {X—-C X+C b b X+cC

X+C c

= [In X+C +—}dx<[ [Inx c)+_}dxjX|n(x+c)12<xln(x_c)12

=aln(@+c)-bin(b+c)<aln(a-c)-bin(b-c)
=aln(@+c)-aln(a-c)<bin(b+c)-bin(b-c)

a+c b+c a+c) b+c)’
= aln| —— |<bln =1In <In
a-c b—c a-c b-c
30. Put a=p+7y

B B v+B
(1+EJ :1V[1+£} {M} ,by AM.>G.M.
p p v+P

_[r+pe1 [a_l)[lgj
B Y+P |« B a

1" . . . .
Sp = (l+—j IS @ monotonic Increasing function.
n

(a+c)a (b+cj”
— < —
a—-c b-c

1Y 1Y
Forn>1, S,=|1+=| > 1+I =2 . Also,
n

5= %JHZJ%[”]“AH@M(H oot bor 1),

<1414 020 S b XXX £l +...:1+1+£+1+...+1+...
2! n' 21 3

n? r! r!
<1+1+0.5+0.16667 + 0.04167 + 0.00833 + 0.00138 +...
=2.718...

31. 2" +4" 46" + ..+ (2n)" >n(n+1)" &1 +2" +3" +..+n >n(n;lj
By Tchebychev’s inequality,
™ %142 x 24 3™ X34+ xn )2 (1™ 2™ 3™ 4 ™1 24344 1)

= (1”"1+2m’1 +3m1+...+nml{m} (D)

2



32.

33.

34.

35.

™2 x1+ 2™ x 243" x3+ .+ N2 xn)> A" 4277 £ 372 44 "2 n(n +1) (2)
2
NAx1+2x2+3x3+..4+nxn)>(L+2+3+...+n 0l +1) ...(n)
2

Multiply the inequalities,

nmil(lm g nm)z(n(n +1)j(n(n +1))ml _ nm(n_ﬂjm

2 2 2

Therefore 1™ +2™ +3" +...+n" > n(nTJrlj

By Tchebychev's inequality, a'+b*+c* _a%a’+b%’® +c’c? S a’+b?+c?a’+b*+c?
3 3 3 3
_[aa+bb+ccj2>(a+b+ca+b+c}2_(a+b+c}4
3 3 3 3
27(@* +b* +c) > @+ b + ).

Method 1
P+2°+3%+ ...+ n3:%n2(n +1)
81 +2°+3¥+ ... +n) - nn+1)°= 8x%n2(n +1 —=n(n+1 =n(n +17[2n —n -1]=n(n +1}*(n -1)

>0, n>1
nn+1)°<8(®+2°+3*+ ....+n%.

Method 2
BI-[k(k+1) - (k-1)K]=8K-k[K+3k*+3k+1 -k} +Kk*]=4k®-3k* -k = k(4k + 1)(k - 1) >0

KK+ - k-1 k<8 Y [kk+1f - (k-1 ]28) K

nn+1)°<8(®+2°+3*+ ....+n%.

By AM.>GM, e @
1 1 1
B
X X X, 111 @2
3 X; X, Xy
I (1)x(2), (x, +x, + x3)(i+i +i] >9
1 XZ X3
(i) Put f(x) =" - (1 +x), then f’(x)=¢*-1.
If x>0, f’(x)>e’-1 =0. - f(x) isincreasing.
If x<0, f’(x)<e’-1 =0. . f(x) is decreasing.

o f(x) isaminimumat x=0.
L fX)=e*—(1+x)>f(0)=e’-(1+0)=0 and e*>1+x forx=0.
3

(i) Put g(x) = tanx—(x+x?], XE(O,%) , then g’(x) =sec?x—1-x*=tan’x - x*>0,

since tan x > x, for XE(O,%) )

10



36.

37.

38.

39.

3

3
. g(x) isincreasing. Since x>0, g(x) :tanx—[x +X?]>g(0) = tanO—[OJr%J =0.

x3 T
. X+—<tanx, xe|0,—|.
3 2

If b®<ac , then X*+2bx+ac>0 VxeR and a=0.

Put x = 2a, a(da+4b+c) >0 (D)
Put x =43, a@+2b+c) >0 2
1) x (2), a’(4a+4b+c) (a+2b+c)>0.
Since a?>0 and a+2b+c>0, we have 4a+4b+c>0.
| — — —
Cﬂik= n! ik:ixﬂxn lxn 2><,,,><n k+1:£)<1 1_1 1_3 _k+1 1
n“ K-kyn* ki k k k k k! n n n k!
1+l —1+C”—+C”—+ +Cn —+.+Ch— ! <1+ l+£+...+l+...+l
n n" 2 k! n!
<1+1l+—+—+..+ L + !
1><2 2x3 (n-2)(n-1) (n-Dn
=1+1+ 1—— + 1.1 +... 1 1 + t 1 =1+1+1—£<3
2 2 3 n-2 n-1 n-1 n n
() 20 +y)-(x+y)P’=x-2xy+y*=(x-y)* > 0
o 20¢¢+y9) > (x+y)? and the equality holds < (x y)?=0 & x=vy.
2 2 2 2
(i) 2 a+l + b+l > a+£+b+l l+1+1 = 1+a+b
a b) |bv@ a b a b ab
2\? 2
>|1+ 2 , since ﬂ >ab.
a+b 2
2 2
:[l+22]2:25 (a+1j +(b+1) -2
a b 2
5_
M @ Ifxz1 x-L1-X"1lyg, since x°> 1.
X X
5_
(2 If0o<x<l, Xz_iS:X 31£0, since x> < 1.
X X
Combining (1) and (2), (x—1)(x2—i3jzo:x2(x—1)zx_31 s oxxt L
X X X® X
The equality holds when x = 1.
(i) Let a, ar, ar’ be the sides of the triangle.
Since the sum of any two sides > the third side.
ar+ar’>a (1)
ar+a >ar (2)
From (1), Since a>0, r+r*>1, rP+r-1>0 . r> 52_1 or r<— 2_1 ...
Since r>0, r>\/§2_1
From (2), Since a>0, rF-r—1<0. r<1+2\/g or r>\/gz_ .. (4

11



40.

41.

42.

Combining (3) and (4), */32‘1 <r< ¢§2+1

X<1or x>2.

1—tanBtanC
Tc—(B+C)_ta (n B+C]_CotB+C_ Py}

2 2

tan Al tan
2 2

tan%+ taﬂE

= '[ané tanEthanE :l—tanEtanE
2 2 2 2 2
= tan%tanE+tanEtan£+tangtanézl
2 2 2
Now, tané—tanE + '[anE—tanE + tanE—tané >0
2 2 2 2 2 2

,C

= 2 tan2é+tanZE+tan =1-2 tanétanEJrtanEtanEHanEtanA >0
2 2 2 2 2 2 2

= 2(tan2%+tan2%thanz%j—z(l)zo

= tanzé+tan25+tan2921
2 2 2

a+b
Since (#) >(«/£)a+b :(ab)Tb

a+h
It remains to show (ab)z > a’b*®
Since (1) issymmetricin a,b wecanlet a >b>0.

a+h a-b
(ab)z (a)z , a-b
= =|—-| >1, since
a’b b 2

Result follows.

@)

>1, >0 .

oo

)
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